Abstract-Automatic computation of surface correspondence via harmonic map is an active research field in computer vision, computer graphics and computational geometry. It may help document and understand physical and biological phenomena and also has broad applications in biometrics, medical imaging and motion capture industries. Although numerous studies have been devoted to harmonic map research, limited progress has been made to compute a diffeomorphic harmonic map on general topology surfaces with landmark constraints. This work conquers this problem by changing the Riemannian metric on the target surface to a hyperbolic metric so that the harmonic mapping is guaranteed to be a diffeomorphism under landmark constraints. The computational algorithms are based on Ricci flow and nonlinear heat diffusion methods. The approach is general and robust. We employ our algorithm to study the constrained surface registration problem which applies to both computer vision and medical imaging applications. Experimental results demonstrate that, by changing the Riemannian metric, the registrations are always diffeomorphic and achieve relatively high performance when evaluated with some popular surface registration evaluation standards.
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INTRODUCTION
A NALYSIS and understanding of shapes is one of the most fundamental tasks in our interaction with the surrounding world. There are two major problems in shape analysis research: similarity and correspondence. Examples of similarity research include 3D face recognition [1] , shape retrieval [2] , etc. Among various correspondence research, automatic computation of surface correspondence regulated by certain geometric or functional constraints is an important research field in computer vision and medical imaging research. For example, in cortical surface registration research, since cytoarchitectural and functional parcellation of the cortex is intimately related to the folding of the cortex, it is important to ensure the alignment of the major anatomical features, such as sulcus landmarks.
Among various rigid and non-rigid surface registration approaches (e.g., [1] , [3] , [4] ), the harmonic map is one of the most broadly applied methods [5] , [6] . The advantages of harmonic map computation are: (1) it is physically natural and can be computed efficiently; (2) it measures the elastic energy of the deformation so it has a clear physical interpretation; (3) for a planar convex domain, it is a diffeomorphism; (4) it can be computed by solving an elliptic partial differential equation so its computation is numerically stable; (5) it continuously depends on the boundary condition so it can be controlled by adjusting boundary conditions. In computer vision and medical imaging fields, surface harmonic maps have been used to compute spherical conformal mapping [7] , image registration [8] , high resolution tracking of non-rigid motion [5] , non-rigid surface registration [9] , etc.
However, the current state-of-the-art surface harmonic map research has some limitations. For example, it usually only works with genus zero surfaces and does not work with general topology surfaces. It is hard to add landmark curve information. A harmonic map combined with landmark matching conditions usually does not guarantee diffeomorphism. All these problems become obstacles using harmonic maps to solve general non-rigid surface matching problems.
In order to overcome these difficulties, this work proposes a novel method to establish harmonic maps between surfaces with complicated topologies, incorporating landmark curve constraints. We call our method Hyperbolic Harmonic Map, which is based on the following key ideas: 1) Metric Change. In general, harmonic maps between two surfaces with negative Euler numbers may not be diffeomorphic. According to Yau's harmonic mapping theory [10] , if the Riemannian metric of the target surface induces negative Gaussian curvature everywhere, then the harmonic map is unique and diffeomorphic. Therefore, we deform the target surface metric to be hyperbolic based on our prior work of the hyperbolic Ricci flow method [11] , then the harmonic map obtained is guaranteed to be diffeomorphic. 2) Topology Change. If landmark curve constraints are required, the source and target surfaces are sliced along these landmarks, such that the topologies of the surfaces are modified and the landmarks are converted to boundaries. The harmonic map is established between the modified surfaces with Dirichlet boundary conditions. By applying both the metric change and topology change, the final registration induced by the harmonic map is ensured to be diffeomorphic and with the desired landmark alignment. We apply the proposed method to study cortical, facial and general surface registration problems.
In summary, the main contributions of the current work are as follows: 1. It introduces a novel algorithm to compute harmonic mappings on a hyperbolic metric using the nonlinear heat diffusion method and Ricci flow. 2. It develops a novel surface registration method based on hyperbolic harmonic maps. The new method overcomes the shortcomings of conventional methods, such that the registration is guaranteed to be diffeomorphic, and the existence and uniqueness of the solution is also guaranteed. 3. It enforces the landmark constraints, by modifying the surface topologies. 4. It introduces a novel general methodology to achieve special goals in geometric processing by changing the surface Riemannian metrics. 5. It proposes a novel algorithm to deal with arbitrary surfaces with the negative Euler characteristic.
PREVIOUS WORKS
Shape matching and registration is a well-studied field with several recent books and surveys [12] , [13] . It is out of scope for this article to cover all existing shape matching and registration methods; we concentrate on inter-surface mapping based methods as well as the class of dense mapping methods.
Iterative closest points (ICP). The ICP based methods find surface correspondences through an iterative procedure that starts with an initial correspondence and then repeatedly improves it by computing an aligning transformation from the correspondences and then updating the correspondences based on the transformation. These methods are most commonly used for aligning surfaces related by a rigid transformation [14] , but have also been used for moderate non-rigid deformations [15] , [16] , [17] , [18] , [19] . Unfortunately, they do not guarantee that the final map is smooth or bijective (two points on one surface may map to the same point on another), and a good initial guess (which is sometimes difficult to obtain) is required to succeed in most cases.
Dense mapping. These methods represent a map between a pair of shapes as a point-to-point correspondence. Since it is infeasible to optimize over such correspondences directly, most methods aim to obtain a sparse set of point correspondences and extend them to dense mappings [20] , [21] , [22] , [23] . Because sparse point correspondences are inherently discrete, common ways to enforce global consistency include preservation of various quantities between pairs or sets of points, including geodesic distances [12] , [20] , spectral quantities [22] , [24] , [25] , [26] , [27] , or a combination of multiple geometric and topological tests [28] , [29] .
Inter-surface mapping. Given a set of correct sparse correspondences (defined by a user or an algorithm), one can use a variety of methods to find a smooth map interpolating them. A common approach is to map both surfaces to a canonical domain where sparse feature points align to each other and then interpolate the map in that domain [30] . For example, [31] used a base coarse mesh (provided by a user) as such a domain. In their approach, the surface is cut into triangular patches defined by three geodesic curves, such that each geodesic curve is mapped to a triangle edge on a coarse base mesh. An automatic approach for creating the base domain has been developed [32] , [33] . Conformal geometric methods based on the Euclidean metric have also been extensively studied [11] , [34] , [35] , [36] . Wang et al. [37] studied brain morphology with Teichm€ uller space coordinates where the hyperbolic conformal mapping was computed with the Yamabe flow method. Zeng et al. [11] proposed a general surface registration method via the Klein model in hyperbolic space where they used the inversive distance curvature flow method to compute the hyperbolic conformal mapping. Shi et al. proposed surface registration based on a hyperbolic harmonic map in [38] , which shares the same theoretic foundation as the current work. However, that method can only deal with genus zero surfaces with boundaries.
Overall, finding diffeomorphic mappings between surfaces is an important but difficult problem. In most cases, extra regulations, such as inverse consistency [39] , have to be enforced to ensure a diffeomorphism. Since the proposed work offers a harmonic map based scheme for diffeomorphisms which guarantees a perfect landmark curve registration via enforced boundary matching, the novelty of the proposed work is that it facilitates diffeomorphic mapping between general surfaces with delineated landmark curves.
THEORETICAL BACKGROUND
This section briefly covers the most relevant concepts and theorems. Detailed treatments can be found in [10] , [11] , [40] .
Algebraic Topology
Fundamental group. Let S be a surface and q 2 S is a base point. Consider all the loops through q. Two loops are homotopic if one can deform to the other without leaving S. The product of two loops is their concatenation. All the homotopy classes of loops form the fundamental group (homotopy group), denoted as p 1 ðS; qÞ. Fig. 1a shows a set of fundamental group generators. Universal covering space. Consider the set of all the homotopic classes of paths on the surface starting from p denoted asS; with an appropriate topology,S forms a simply connected surface. The projection map p :S ! S maps each path to its end point, the projection map is a local homeomorphism. The pair ðS; pÞ is called the universal covering space of S.
Let q 2 S be a point on the base surface, its preimage of the projection p is a discrete point set,
which is called the orbit of q. LetD &S be a simply connected domain. If for any q 2 S on the base surface,D intersects the orbit of q at once, thenD is called a fundamental domain. Fig. 1b shows a fundamental domain of a genus 2 surface. Fig. 2a shows a finite portion of the universal covering space of a genus 3 surface. Pants decomposition. Suppose surface S is with the Euler characteristic xðSÞ < 0. The surface can be decomposed to jxðSÞj pairs of pants. One pair of pants is a genus 0 surface with three boundaries. Fig. 2b shows one example of the pants decomposition [41] of a genus 3 surface. Computation details are provided in Section 4.3.
Surface Differential Geometry
Isothermal coordinates. Suppose S is a surface embedded in R 3 with an induced Euclidean metric g. Let : S ! R be a scalar function on S. The metricg ¼ e 2 g is called a conformal deformation of g. Definition 3.1 (Isothermal Coordinates). Let S be a smooth surface with a Riemannian metric g. Isothermal coordinates ðx; yÞ for g satisfy g ¼ e 2ðx;yÞ ðdx 2 þ dy 2 Þ where is the conformal factor.
Locally, isothermal coordinates always exist. An atlas consisting of isothermal parameter charts is called a conformal atlas, or a conformal structure.
The Gaussian curvature [40] of the surface is given by Kðx; yÞ ¼ ÀD g , where D g is the Laplace-Beltrami operator induced by g. Although the Gaussian curvature is intrinsic to the Riemannian metric, the total Gaussian curvature is a topological invariant, R S KdA ¼ 2pxðSÞ; where xðSÞ is the Euler characteristic of the surface [40] .
Harmonic map. Given a mapping f : ðM; g m Þ ! ðN; g n Þ, z and w are local isothermal parameters on M and N respectively; g m ¼ sðzÞdzd z and g n ¼ rðwÞdwd w. Then the mapping has local representation w ¼ fðzÞ or denoted as wðzÞ. 
If f is a critical point of the harmonic energy, then f is called a harmonic map.
Harmonic energy depends on the Riemannian metric on the target surface and the conformal structure of the source surface. Namely, if the Riemannian metric on the source surface is deformed conformally, the energy does not change. The necessary condition for f to be a harmonic map is the following Euler-Lagrange equation:
Harmonic maps can be defined on general surfaces. Surfaces with negative Euler number can be equipped with hyperbolic metrics. The following theorem [10] shows that harmonic maps on hyperbolic metrics have special properties. Theorem 3.3 (Yau). Suppose f : ðM; g m Þ ! ðN; g n Þ is a degree one harmonic map; furthermore the Riemannian metric on N induces negative Gaussian curvature. Then, for each homotopy class, the harmonic map is unique and diffeomorphic.
The theory on the existence, uniqueness and regularity of harmonic maps has been thoroughly discussed in [10] .
Klein-Poincar e uniformization theory. Given a surface S with a Riemannian metric g, there exist an infinite number of metrics conformal to g. The Klein-Poincar e uniformization theorem states that, among all conformal metrics, there exists a unique representative, which induces constant Gaussian curvature everywhere. Moreover, the constant will be one of fþ1; 0; À1g. Therefore, we can embed the universal covering space of any closed surface using its uniformization metric onto one of the three canonical surfaces: the sphere S 2 for genus-0 surfaces with positive Euler numbers, the plane E 2 for genus-1 surfaces with an Euler number of zero, and the hyperbolic space H 2 for high genus surfaces with negative Euler numbers.
Surface Ricci flow. The surface uniformization metric can be computed using the Ricci flow method. By running Ricci flow, a hyperbolic metric of the surface can be obtained, which induces À1 Gaussian curvature everywhere. Details about hyperbolic Ricci flow algorithm are given in Section 4.2.
Hyperbolic Geometry
Hyperbolic plane and fuchs group. The Poincar e disk model for the hyperbolic plane H 2 is the unit disk on the complex plane fz 2 Cj jzj < 1g with Riemannian metric ð1 À z zÞ À2 dzd z: The hyperbolic distance between two points z 1 ; z 2 2 H 2 is given by rðz 1 ; z 2 Þ ¼ tanh
The geodesics (hyperbolic lines) Suppose S has a hyperbolic metric, then its universal covering spaceS can be isometrically embedded onto the hyperbolic plane H 2 . A Fuchsian transformation ' is a M€ obius transformation, which preserves the projection p ' ¼ p. All Fuchsian transformations form the Fuchs group, FuchsðSÞ, which is isomorphic to the fundamental group p 1 ðS; qÞ.
A Fuchsian transformation ' has two fixed points, 'ðz 1 Þ ¼ z 1 and 'ðz 2 Þ ¼ z 2 , which can be obtained as
Àn ðzÞ, for any z in the unit disk. The axis of ' is the hyperbolic line through its fixed points. Given two non-intersecting hyperbolic lines g 1 and g 2 , there exists a unique hyperbolic line t orthogonal to both of them that gives the shortest path connecting them. For each g k , there is a unique reflection ' k whose axis is g k , then the axis of
Complex cross ratio. Suppose z 1 ; z 2 ; z 3 ; z 4 are points in C [ f1g, Definition 3.6 (Cross Ratio). The complex cross ratio is given by ðz 1 ; z 2 ; z 3 ; z 4 Þ :¼
The complex cross ratio is invariant under M€ obius transformations. Namely, if ' is a M€ obius transformation, then ð'ðz 1 Þ; 'ðz 2 Þ; 'ðz 3 Þ; 'ðz 4 ÞÞ ¼ ðz 1 ; z 2 ; z 3 ; z 4 Þ:
Exponential map. Let z be a point on the Poincar e disk; the tangent space at z is denoted as T z H 2 . Suppose v 2 T z H 2 is a tangent vector at z, and there is a unique geodesic gðtÞ, such that gð0Þ ¼ z; _ gð0Þ ¼ v; then the exponential map at z, expðÁ; zÞ :
expðv; zÞ :¼ gð1Þ:
The logarithm map is the inverse to the exponential map, the logarithm at the origin 0, log ðÁ; 0Þ :
where rðw; 0Þ is the hyperbolic distance between the origin and w. Fig. 4 illustrates the exponential map on a Riemannian manifold. Geodesic mass center. Given a surface with a metric ðS; gÞ, fix a point p 2 S. The exponential map at p is diffeomorphic on a small disk at T p S. The supreme of such a disk radius is called the injective radius at p.
Suppose Q ¼ fq 1 ; q 2 ; . . . ; q k g & S is a point set in a geodesic disk Dðp; rÞ, whose radius r is smaller than the injective radius at p. The points are associated with the weights 
Hyperbolic pants decomposition. Suppose S has a hyperbolic metric, one can compute a pants decomposition, such that all the cutting loops are geodesics. Furthermore, each pair of hyperbolic pants can be further decomposed. Assume the pair of pants has three geodesic boundaries fg i ; g j ; g k g. Let ft i ; t j ; t k g be the shortest geodesic paths connecting each pair. The shortest paths divide the surface into two identical hyperbolic hexagons with right inner angles. When mapped to the Klein model, the hyperbolic hexagons coincide with convex Euclidean hexagons. Fig. 5 shows the decomposition of a pair of hyperbolic pants. Details can be found in Section 4.3.
ALGORITHMS
In this section, we introduce our hyperbolic harmonic mapping method. For comparison, we will also briefly explain how to compute the constrained Euclidean harmonic mapping with the same framework. Fig. 6 illustrates the major steps to compute hyperbolic harmonic maps between surfaces. Algorithm 1 sketches the algorithm pipeline. 
Topology Optimization
In surface registration, sometimes one may define landmark curves and enforce the landmark curve matching to increase the global surface registration accuracy [42] , [43] . Since the harmonic map depends on boundary conditions, it is natural to model landmarks as boundaries by cutting surfaces along landmark curves. Later, in our harmonic mapping, these landmark curves are enforced to match as boundary conditions. We call this step topology optimization and have used it in some of our previous works [36] , [44] .
Discrete Hyperbolic Ricci Flow
Let M be a two-dimensional triangular mesh, we denote the set of vertices, edges and faces by V; E; F respectively. Each face is a hyperbolic triangle, and the edge lengths and corner angles are related by the hyperbolic cosine law. Assume the angles in face ½v i ; v j ; v k are u i ; u j ; u k , and the edge lengths opposite to them are l i ; l j ; l k , then
Furthermore, each vertex v i is associated with a hyperbolic circle with radius r i , the so called circle packing [11] . Two circles on an edge have an intersection angle f ij . The edge length l ij is determined by the circle radii r i and r j , and the intersection angle f ij by the hyperbolic cosine law, cosh l k ¼ cosh r i cosh r j À sinh r i sinh r j cos f ij . Fig. 7 illustrates a hyperbolic triangle and its circle packing.
A discrete metric is a function l : E ! R þ , such that the triangle inequality holds on every face, which represents the edge lengths. We set the target Gauss curvature for each interior vertex and boundary vertex to be zero. Then we compute the hyperbolic metrics using the discrete hyperbolic Ricci flow method [11] . The discrete hyperbolic Ricci flow is defined as du i dt ¼ ÀK i , where the discrete conformal factor u i ¼ log tanh r i =2. During Ricci flow, the circle radii are changed, but the intersection angles f ij 's are invariant. The flow converges, such that in the steady state, all vertex curvatures are zeros. The detailed computational algorithm of hyperbolic Ricci flow can be found in [11] .
Hyperbolic Pants Decomposition
Suppose one surface S is given with a hyperbolic metric g. The hyperbolic pants decomposition is accomplished by the following divide-conquer method. First, we compute the fundamental group generators of S using the method described in [45] . If the generators include a loop g which is not a boundary loop, we slice S along g. If g divides S into two connected components S 1 and S 2 , we repeat the same procedure on each component. We continue this process, until the surface is decomposed to S ¼ [ k S k , where S k is a genus 0 surface with multiple boundaries.
Second, if a component S k has 3 boundary loops, then it is a pair of pants. Otherwise if S k has more than 3 boundaries,
. , compute the product of g 0 and g 1 , g ¼ g 0 Á g 1 , and slice S k along g to get two connected components S . By repeating this process, eventually, all connected components are pairs of pants. Namely, we have topologically decomposed S pairs of pants, as shown in Fig. 9 .
Third, for each cutting loop g & S, we compute the unique hyperbolic geodesic homotopic to g. We find all the triangular faces attached to g. For each vertex v i , we define its one-ring neighborhood as N i ,
Suppose the vertices on g are sorted consecutively as fv 0 ; v 1 ; . . . ; v nÀ1 g. We isometrically embed N k onto the hyperbolic disk H 2 , the embedding is denoted as t k . Suppose a face f is shared by two neighborhoods N kÀ1 and N k , then there is a unique M€ obius transformation ' k , which maps t kÀ1 ðfÞ to t k ðfÞ. Then we can glue the embedding t kÀ1 ðN kÀ1 Þ and t k ðN k Þ. After embedding the neighborhood of the last vertex N nÀ1 , we can continue embedding the neighborhood of the first vertex N 0 again. Eventually, we flatten the neighborhood of g onto H 2 . The neighborhood of the starting vertex v 0 has been isometrically embedded twice, and the two embeddings differ by a M€ obius transformation '. Then ' is the Fuchsian transformation in FuchðSÞ corresponding to the homotopy class of g in the fundamental group, ½g 2 p 1 ðS; qÞ. The axis of ' is the unique geodesic in the homotopy class ½g. By performing this procedure, we can use hyperbolic lines to replace all the cutting loops in the pants decomposition. Algorithm 2 summarizes the key steps to compute hyperbolic geodesics.
Algorithm 2. Hyperbolic Geodesic Computation
Input: A triangle mesh S with hyperbolic metric g, a loop g. Output: The hyperbolic geodesic loop homotopic to g. 1. Sort the vertices in the loop as fv 0 ; v 1 ; . . . ; v nÀ1 g.
Isometrically embed the one-ring neighborhood of each
, find the M€ obius transformation ' k to map t kþ1 ðfÞ to t k ðfÞ. Transform t k ðN k Þ by ' k , this glues the embedding of N kþ1 to the embedding of N k . 4. The one-ring neighborhood N 0 has two embeddings, t 0 and t n . The composition ' ¼ t À1 n t 0 is a M€ obius transformation. 5. Compute the two fixed points of ', ' 1 ð0Þ and ' À1 ð0Þ. The hyperbolic line through these two points is the axis of ', which is the desired geodesic. Now, suppose that we are given two surfaces, the source M and the target N, with landmark curves and are required to find the desired mapping f : M ! N. Furthermore, although the mapping f itself is unknown, its homotopy class ½f is given by the definitions of neuroanatomical landmark curves, which establishes the correspondences between the landmark curves, the boundary loops and the fundamental group, f # : p 1 ðMÞ ! p 1 ðNÞ. We slice the surfaces open along the landmark curves and run Ricci flow to obtain the hyperbolic metrics on both surfaces. We compute the hyperbolic Fig. 8. (a), (b pants decomposition on the source M, and the cutting geodesics are fg 1 ; g 2 ; . . . ; g k g. For each geodesic loop g i , the homotopy class of its image ½fðg i Þ can be found by
We compute the unique geodesicg i in ½fðg i Þ. We obtain a pants decomposition of the target surface N by cutting N along fg 1 ;g 2 ; . . . ;g k g. A hyperbolic pants decomposition is illustrated in Fig. 8 .
Specifying the Homotopy Class
The homotopy class of the desired mapping is prescribed by the user. One way is to find canonical fundamental group generators using handle and tunnel loops using the algorithm in [46] , as shown in Fig. 10 , where two genus 3 closed surfaces S and T are mapped. Suppose
where a i 's and a i 's are tunnel loops, b i 's and b i 's are handle loops. One can only specify the image of a 1 in fa 1 ; . . . ; a g g, the images of other generators will be determined automatically.
Constructing the Initial Mapping
This step has several stages: first each pair of pants are decomposed into two identical hyperbolic hexagons; second, the hyperbolic hexagons are isometrically embedded onto the Poincar e disk and converted to the Klein model; finally the hexagons on the Klein disk are treated as Euclidean polygons, and the corresponding hexagons are registered using Euclidean harmonic maps with consistent boundary constraints. The resultant piecewise harmonic mapping is the initial mapping.
For the first stage, we use the method described in the theory section to find the shortest path between two boundary loops. Assume a pair of hyperbolic pants M with three geodesic boundaries fg i ; g j ; g k g. On the universal covering spaceM, g i and g j are lifted to hyperbolic lines,g i andg j respectively. There are reflectionsf i andf j , whose symmetry axes areg i andg j . Then the axis of the M€ obius transformationg j g
Specifically, we use the cotangent formula [7] , [47] to solve the Dirichlet problem. Given a face ½v i ; v j ; v k , the corner angle at v k is denoted as u ij k . The cotangent edge weight for an edge ½v i ; v j is given by
& A harmonic map minimizes the harmonic energy. By the finite element method, the harmonic energy for a map f : S ! E 2 is given by
From the optimality condition, one can get the discrete Laplace equation. Given a mapping for each interior vertex v i 6 2 @S,
where D is the discrete Laplace-Beltrami operator. This is equivalent to the mean value property of a harmonic map f: fðv i Þ coincides with the weighted mass center of its neighbors,
The right-hand side is the weighted mass center.
The Dirichlet boundary condition is set as follows. Suppose on the source, two adjacent hexagons h 1 ; h 2 share the same cutting curve g, h 1 \ h 2 ¼ g; the corresponding hexagons on the target areh 1 ;h 2 sharingg,h 1 \h 2 ¼g. The mappings between corresponding hexagons are ' k : h k ! h k ; k ¼ 1; 2, respectively. Their restrictions on the common boundary segment g should be consistent, ' 1 j g ¼ ' 2 j g . This will ensure the mapping from g tog is well defined. We set the Dirichlet boundary condition to ensure the consistency. The boundary mapping is linear, and the corresponding boundary edges are parameterized with constant speed. By solving a sparse linear system, we can obtain a piecewise harmonic mapping between the surfaces.
It is well known that if the target mapping domain is convex, then the Euclidean planar harmonic maps are diffeomorphic [10] . The consistent boundary conditions ensure that the harmonic mappings between hexagons can be glued together to form a global homeomorphism, namely, the initial mapping. The process is visualized in Fig. 5 
Non-Linear Heat Diffusion
The goal of this step is to diffuse the initial mapping and achieve a global hyperbolic harmonic map which is not restricted on every patch, as used in the prior step. Here a nonlinear heat diffusion method is adopted to compute the harmonic mapping, which is based on a conformal atlas induced by the hyperbolic metric.
Hyperbolic Atlas
Let ðS; gÞ be a dense triangle mesh with hyperbolic metric g. Then for each vertex v i 2 S, the one-ring neighboring faces form a neighborhood N i , the union of N i 's covers the whole mesh, S & S v i 2S N i . Isometrically embed N i to the Poincar e disk f i : N i ! H 2 , then fðN i ; f i Þg form a conformal atlas. Furthermore, the chart transitions are M€ obius transformations. All the following computations are carried out on local charts of the conformal atlas. The computational result is independent of the choice of local parameters.
Map Representation
Suppose v is a vertex on S 1 , with local representation z, its image wðzÞ is inside a triangular face tðvÞ of S 2 . Suppose the three vertices of tðvÞ have local representations w i ; w j ; w k , then we compute the complex cross ratio hðvÞ :¼ wðzÞ; w i ; w j ; w k À Á :
The image of v is then represented by the pair ½tðvÞ; hðvÞ. Note that, all the local coordinates transitions in the conformal chart of S 1 and S 2 are M€ obius transformations, and the cross ratio h is invariant under M€ obius transformation, therefore, the representation of the mapping f : v ! ½tðvÞ; hðvÞ is independent of the choice of local coordinates.
Hyperbolic Harmonic Map
Let f : ðS 1 ; g 1 Þ ! ðS 2 ; g 2 Þ be a mapping, the discrete harmonic energy is similar to the Euclidean one (Eqn. (7)),
where rðfðv i Þ; fðv j ÞÞ is the hyperbolic distance between fðv i Þ and fðv j Þ. By definition, if f is harmonic, then for an arbitrary vertex v i , fixing all the other vertices, the following energy should be minimized:
therefore, the harmonic map f satisfies the mean value property: for each vertex v i , its image coincides with the weighted geodesic mass center of the images of its neighbors. Namely, let v i be a vertex, its one-ring neighbors are fv i 1 ; v i 2 ; . . . ; v i k g. Let Qðv i Þ ¼ ffðv i 1 Þ; fðv i 2 Þ; . . . ; fðv i k Þg, and weights Lðv i Þ ¼ fk i;i 1 ; k i;i 2 ; . . . ; k i;i k g, then fðv i Þ ¼ cðQðv i Þ; Lðv i ÞÞ; where the right hand side is the hyperbolic weighted geodesic mass center, the Euclidean counter part is defined in Eqn. (9).
Weighted Geodesic Mass Center
Given a point set Q ¼ fz 1 ; z 2 ; . . . ; z k g and weights L ¼ f 1 ; . . . ; k g on Poincar e disk, denote the weighted geodesic mass center cðQ; LÞ as c. It can be computed by the following iterations and is illustrated in Fig. 11 .
At the initial step, set Q 0 ¼ Q and set c 0 be any point in the convex hull of Q 0 . At the nth step, apply a Mobi€ us transformation to Q n ; ' n ðzÞ ¼ expðC; 0Þ: Repeat this procedure, then the sequence fc n g converges, fz n i g converges for all 1 i k. Then the limit c 1 is the weighted geodesic mass center of the point set Q 1 with weights L. A detailed algorithm description can be found in Algorithm 4.
Algorithm 4. Weighted Geodesic Mass Center
Input: A point set Q ¼ fz 1 ; z 2 ; . . . ; z k g on the Poincar e disk, the diameter of Q is less than the injective radius of S; A weight set L ¼ f 1 ; 2 ; . . . ; k g. Output: The weighted geodesic mass center cðQ; LÞ. tanh jCj C jCj :
until rðc n ; c nþ1 Þ < " 7. Construct a M€ obius transformation ', mapping fz The computation of the weighted geodesic mass center is guaranteed to converge. Because the surface has a hyperbolic metric, the energy defined in Eqn. (11) is strictly convex, and the minimizer is unique. The computation on the tangent space can be treated as the first order approximation, thus moving the image to the weighted mass center in the tangent space is equivalent to gradient descent. The energy decreases monotonically, and the convexity of the energy ensures the process converges to the unique solution.
Non-Linear Heat Diffusion
The initial map f : S 1 ! S 2 can be diffused to be harmonic using the non-linear heat diffusion process.
For each vertex v i , we compute the weighted geodesic mass center of the images of its neighboring vertices cðQðv i Þ; Lðv i ÞÞ, then update the image of v i to be the mass center, fðv i Þ cðQðv i Þ; Lðv i ÞÞ: Update the images of all vertices on S 1 . Repeat this process, until for each vertex, the geodesic distance between its image, and the weighted geodesic mass center of the images of its neighbors is less than a given threshold.
We try to solve the optimization problem defined in Eqn. (11) in the neighborhood of each vertex and move from neighborhood to neighborhood. As a result, although we introduce cuts, e.g., g i , g j and g k in Fig. 5 , to establish the initial mapping, the non-linear diffusion computation naturally go across these cuts. The diffusion is computed throughout the entire surface and independent of the cutting curves introduced in the initial mapping state. Algorithm 5 illustrates the process step by step. After the hyperbolic heat diffusion converges, we obtain hyperbolic harmonic map between source and target surfaces. The non-linear heat diffusion is guaranteed to converge. A brief proof is as follows. In the smooth case, according to the harmonic mapping theory between Riemannian manifolds, if the Riemannian metric of the target induces negative curvature everywhere and the mapping degree is one, then for each homotopy class, the harmonic map is unique and diffeomorphic (Theorem 3.4).
Suppose a degree one mapping between two smooth surfaces is given, f : ðS 1 ; g 1 Þ ! ðS 2 ; g 2 Þ, where g 2 is a hyperbolic metric. There is a unique harmonic map ' homotopic to f, with harmonic energy Eð'Þ. In the discrete approximation, the source surface is approximated by a polyhedral surfaceS 1 , and the target is still the smooth hyperbolic surface S 2 . The approximated mapping is' :S 1 ! S 2 . The non-linear heat diffusion method reduces the harmonic energy monotonically; on the other hand, the harmonic energy of the discrete approximation map is always greater than or equal to the smooth energy Eð'Þ ! Eð'Þ which is non-negative. In particular, the discrete harmonic energy is bounded from below. Therefore, the non-linear heat diffusion process always converges.
Euclidean Harmonic Mapping with Hard Constraints
For comparison purposes, we also implement the Euclidean harmonic mapping method with hard constraints for landmark matching [5] . Basically, for genus zero surfaces with one open boundary, we apply Eqn. (9) to map the surfaces to a unit disk. To enforce landmark curve matching, first, we use the unit speed parameterizations to build a one-to-one correspondence between given landmark curves from different surfaces. Second, we select a surface and use its harmonic mapping image as the template surface and move landmark curves from other surfaces to the template landmark positions on the unit disk. We treat the landmark positions together with the boundary curves as the hard constraints and build a linear system with Dirichlet boundary condition as shown in Eqn. (8) . After solving the linear system, we obtain the Euclidean harmonic map with hard constraints. Because of the nature of the Euclidean harmonic map, the obtained mapping is non-diffeomorphic. Fig. 12 shows the Euclidean harmonic mapping pipeline for human face registration and the non-diffeomorphic effects around the constrained regions.
EXPERIMENTAL RESULTS
In this section, we report our hyperbolic harmonic mapping experimental results. We match two genus 2 surfaces, the two-holed torus and the Amphora model, to illustrate that our proposed method works for high genus surfaces. Furthermore, we study facial surface tracking and cortical surface registration applications. Extensive comparisons with Euclidean harmonic mapping are done and the results demonstrate the benefits of adopting a hyperbolic harmonic mapping framework for surface registration research.
General Surface Registration
Our method can handle surfaces with general topologies, i.e., surfaces with an arbitrary number of handles and boundaries. For genus zero surfaces with multiple boundaries, the homotopy class of the mapping f is specified by the correspondences between the landmark curves. For high genus surfaces, the homotopy class of the mapping is specified by the correspondences between fundamental group generators (handle loops and tunnel loops) [46] , as shown in Fig. 14 . In medical applications, the tunnel/handle loops of the source surface must map to the tunnel/handle loops of the target surface. Here we show how it works on the closed surface matching problem. Figs. 14a and 14b show two genus-two surface models, the two-holed torus model and the Amphora model. They are marked with a set of canonical fundamental group generators, which can cut the surface into a topological disk with eight sides. Figs. 14c and 14d illustrate their embedding of their fundamental domains to the Poincar e disk. Multiple fundamental domains are shown and different domains are color coded differently. By applying Fuchsian transformations which are M€ obius transformations, the yellow fundamental polygon is transformed to different fundamental polygons. All the fundamental polygons obtained by Fuchsian transformations tessellate the whole Poincar e disk. As the rigid transformation on the Poincar e disk, the M€ obius transformation generates a new fundamental domain across each edge. Cutting along the yellows loops on Figs. 14e and 14f may decompose each surface into two pairs of topological pants. On each pair of pants, it can be further cut into two symmetric hyperbolic hexagons, each of which is labeled with a unique color in Figs. 14g and 14h . The initial mapping is computed between these four hyperbolic polygons. Fig. 15 further illustrates the matching process. Each pair of pants (shown in Figs. 15a and 15b ) is decomposed into two hexagons on the Poincar e disk. Figs. 15c and 15d show two hyperbolic hexagons on the Poincar e disk. With Eqn. (5), one may convert them to two convex hexagons on the Klein model (Figs. 15e and 15f) . Note that the geodesics on the Poincar e model are arcs while they are straight lines on the Klein model. Thus the hexagons are convex on the Klein model. Initial mappings are computed between the convex hexagons. Following that, non-linear heat diffusions are computed throughout the entire surfaces and the final hyperbolic harmonic mapping results are color-coded in Figs. 15g and 15h .
Running time analysis. We implemented our algorithms using C++ on the Windows platform, with an open source linear system solver UMFPACK [48] . All the experiments are conducted on a laptop computer of Intel Core2 T6500 2.10 GHz with 4 GB of memory. The two-holed torus model has about 1K vertices and the Amphora model has about 30K vertices. The registration pipeline takes about 16 seconds.
Comparison to holomorphic 1-form based method. Prior to this hyperbolic Ricci flow method, Gu et al. proposed a holomorphic 1-form based method to compute the global conformal parameterization of general surfaces in [49] . Later, a holomorphic flow segmentation method was introduced in [50] to match general surfaces and this method was adopted in multivariate tensor-based morphometry research to study lateral ventricular morphometry [51] . Based on surface cohomology, the holomorphic flow segmentation method computes a set of holomorphic 1-form bases which induces global surface conformal parameterizations on general surfaces. However, for high genus surfaces, i.e., genus greater than one, the global conformal parameterization results will always have zero points, as shown in Fig. 13 . At zero points, the parameterization is degenerated and the neighborhood of a singularity maps to multiple layers on the parameter domain, making the matching near the zero points very difficult since the layers are easily mismatched. As a result, the surface matching results will always be inaccurate and create holes on the average surface shapes. Benefited by surface hyperbolic Ricci flow and the hyperbolic harmonic map, the current method does not have any singularity point and one achieves a high quality diffeomorphic mapping between surfaces.
Human Face Registration and Tracking
In this section, we applied our algorithm to human face registration and tracking research. We ran our algorithm on a face sequence of 100 frames, with each face model having about 36K vertices. The Ricci flow processing took 8 seconds for one frame on average, and the hyperbolic heat diffusion took about 10 seconds on average. In the current setting, it took about 18 seconds to register each adjacent mesh frames.
We performed our algorithm on human face registration and tracking problem and evaluate our method by comparing with the Euclidean harmonic mapping with hard constraints [5] , [43] , as detailed in Section 4.5. To process the face model, we cut out the eye regions along the automatically identified eye contour curves [5] . We also cut the mouth open. After the topology optimization, each facial surface has four open boundaries and they are used as landmark constraints. We applied the hyperbolic harmonic mapping algorithm to each pair of adjacent meshes, with the mouth and eye boundaries as constraints, then put the same template mesh (in green) to each face to show the tracking result, as shown in Figs. 16a, 16b, 16c , and 16d. The results demonstrated that our algorithm may register surfaces well with significant expression changes. Figs. 16e, 16f, and 16g show the pants decomposition of the face model. The following sections compare the performance of our algorithm with the Euclidean harmonic mapping method.
Registration Flipping
One of the most promising advantages of our registration algorithm is that it guarantees the mapping between two surfaces to be diffeomorphic. We randomly choose one face model as the template and all others as sources to register. For each registration, we compute the Jacobian determinant and measure the area of flipped regions. The ratio between flipped areas to the total area is collected to form the histogram, as shown in Fig. 17 . The conventional method (orange bars) produces a large flipped area ratio, even as much as 9 percent. In contrast, the flipped area ratio for all registrations obtained by the current method is exactly 0.
Curvature Distortion
We first evaluated registration accuracy by comparing the alignment of curvature maps between the registered models [43] . In this paper we calculated curvature maps using an approximation of mean curvature, which is the convexity measure. We quantified the effects of registration on curvature by computing the difference of curvature maps from the registered models. We assign each vertex the curvature difference between its own curvature and the curvature of its correspondent point on the target surface, then build a color map . Figs. 16h, 16i , and 16j show that our method produced much less curvature distortion than the traditional harmonic method.
Area Distortion
We also measured the local area distortion induced by the registration. For each point p on the template surface, we compute its Jacobian determinant JðpÞ, and represent the local area distortion function at p as maxfJðpÞ; J À1 ðpÞg. J can be approximated by the ratio between the areas of a face and its image. Note that, if the registration is not diffeomorphic, the local area distortion may go to 1. Therefore, we add a threshold to truncate large distortions. Figs. 16k, 16l, and 16m show that our method produced much less area distortion than the traditional harmonic method.
Pixel Distortion
Finally, we evaluated the average registration accuracy using the pixel distortion: we calculate the pixel color difference between all source-image vertices of the face model, and compared to the traditional harmonic method. Figs. 16n, 16o , and 16p show that our method produced a much lower pixel error.
Cortical Surface Registration
In this section we apply our method to the brain cortical surface registration problem. Morphometric and functional studies of the human brain require that neuro-anatomical data from a population be normalized to a standard template, so brain cortical surface registration is often needed. Due to the similarity of human cerebral cortex structure, the registration mapping is required to be smooth and bijective, namely, diffeomorphic. Since cytoarchitectural and functional parcellation of the cortex is intimately related the folding of the cortex, it is also important to ensure the alignment of the major anatomic features, such as sulcus landmarks. We used our algorithm on the cortical surface registration problem and again compared with [5] , [43] . We perform the experiments on 24 brain cortical surfaces reconstructed from MRI images. Each cortical surface has about 150K vertices, 300K faces and was used in some prior research [43] . All these experiments are performed on a laptop computer and the whole pipeline takes no more than 3 minutes. On each cortical surface, a set of 26 landmark curves was manually drawn and validated by neuroanatomists. Fig. 18 shows the landmark curves and their labels. In our current work, we selected 10 landmark curves, including Central Sulcus, Superior Frontal Sulcus, Inferior Frontal Sulcus, Horizontal Branch of Sylvian Fissure, Cingulate Sulcus, Supraorbital Sulcus, Sup. Temporal with Upper Branch, Inferior Temporal Sulcus, Lateral Occipital Sulcus and the boundary of Unlabeled Subcortical Region. The hyperbolic Ricci flow takes about 120 seconds on average, the hyperbolic heat diffusion takes about 100 seconds on average. The time consumed on pants decomposition and initial map construction depends on the number of landmarks. In the current setting, it takes about 90 seconds on average.
Registration Visualization
We show our visualized registration result of two brain models in Fig. 19 , with one as target and the other registered to it. By examining the color consistency between the source and the target surface and comparing the geometric characteristics of the neighborhoods of the corresponding markers, we can see the matching quality is good. The matching results are further validated by experienced neurologists.
Curvature Distortion
We measure the curvature distortion as in the previous section. According to [43] which gives the anatomical evidence, the curvature map difference is a standard comparison method in the neroimaging field as similar brain shapes have Riemannian metrics, inducing similar Gaussian curvatures. We use all 24 data sets for the experiment. First, one data set is randomly chosen as the template, then all others are registered to it. The average curvature difference map is color-coded on the template, as shown in Fig. 20 . The histogram of the average curvature difference map is also computed, as shown in Fig. 21 .
The reason that our method has smaller curvature distortion is related to the properties of the harmonic map. An isometry preserves the lengths on the surface, which also preserves curvatures; furthermore, it minimizes the elastic stretching energy, and therefore is harmonic. Our method is guaranteed to find the harmonic map between surfaces. Therefore, if there exists an isometry (or a map close to an isometry) between the input brain surfaces, our proposed method will surely find it, which automatically minimizes the curvature difference.
Area Distortion
We measure the area distortion according to the previous section. We compute the average of all local area distortion functions induced by the 23 registrations on the template surface. The average local area distortion function on the template is color-coded as shown in Fig. 22 ; the histogram is also computed, as shown in Fig. 23 .
CONCLUSION AND FUTURE WORK
This work introduces a hyperbolic harmonic mapping based algorithm, which automatically establishes diffeomorphic surface correspondences between general surfaces. Compared with conventional landmark constrained surface registration work, our results are bijective while enforcing the landmark curve matching conditions. To achieve this, the new method modifies the Riemannian metric on the target surface, which ensures the diffeomorphism. In the future, we will further explore the general methodology of changing the Riemannian metrics to improve efficiency and efficacy of shape analysis algorithms. Some specific applications are Shortest word problem in Computational Topology: Given a loop g on a high genus surface and the fundamental group basis, finding the shortest word representation of the homotopy class of the loop is an NP-hard problem. However, if we change the metric to hyperbolic and the loop to be geodesic, the complexity of this problem becomes polynomial. Knot classification: It is NP-hard to verify if two knots are isotopic to each other. If we can compute the hyperbolic metric of the complement space of the knot in R 3 , then the problem can be greatly simplified. Shing-Tung Yau received the PhD degree in mathematics from the University of California at Berkeley, CA, in 1971. He is a professor with the Department of Mathematics, Harvard University, Cambridge, MA. His work is mainly in differential geometry, especially in geometric analysis. His contributions have had an influence on both physics and mathematics and he has been active at the interface between geometry and theoretical physics. Recently, he has been interested in using differential geometry in engineering applications. In particular, his works focus on applying conformal geometry for face recognition, shape analysis, computer graphics, computer vision, and medical imaging.
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